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Abstract
We give a quantitative analysis of the dynamical properties of fermionic cold
atomic gases in normal phase, such as the shear viscosity, heat conductivity,
and viscous relaxation times, using the novel microscopic expressions derived
by the renormalization group (RG) method, where the Boltzmann equation is
faithfully solved to extract the hydrodynamics without recourse to any ansatz.
In particular, we examine the quantum statistical effects, temperature depen-
dence, and scattering-length dependence of the transport coefficients and the
viscous relaxation times. The numerical calculation shows that the relation
τpi = η/P , which is derived in the relaxation-time approximation (RTA) and
is used in most of the literature, turns out to be satisfied quite well, while the
similar relation for the viscous relaxation time τJ of the heat conductivity is
satisfied only approximately with a considerable error.
Keywords: Cold Fermi gas, Boltzmann equation, Shear viscosity, Viscous
relaxation time, Quantum statistics
1. Introduction
The viscous hydrodynamic equation provides us with a unified way to de-
scribe the near-equilibrium systems in terms of macroscopic quantities such as
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the pressure, particle number density, and fluid velocity. The detailed micro-
scopic properties of the system are renormalized into transport coefficients such
as the shear viscosity, heat conductivity and so on. Therefore, the elaborate
investigation of the transport coefficients is one of the most important tasks to
reveal the microscopic properties of the fluid. For instance, the fluid with a tiny
shear viscosity is realized in the experiment of ultracold Fermi gases at unitarity
[1, 2, 3, 4, 5, 6]: The value of its shear viscosity is close to a quantum bound
that is theoretically proposed [7, 8], implying the realization of the strongly
correlated systems at the unitarity [9, 10, 11, 12, 13, 14].
Since the naive hydrodynamic description, however, breaks down when the
mean free path is not small enough compared with the macroscopic length scale,
we should incorporate more microscopic properties such as the relaxation pro-
cess of dissipative currents, which is characterized by viscous relaxation times
[15, 16, 10, 17, 18, 19]. Dynamical equation taking into account them may
be called mesoscopic [20, 21] since it describes the dynamics in an interme-
diate scale between those described by the Navier-Stokes and the Boltzmann
equations. The second-order hydrodynamic equation describes the mesoscopic
dynamics including the relaxation of the dissipative currents, in addition to the
ordinary hydrodynamic behavior described by the Navier-Stokes equation. In
particular, the quantitative estimates of the viscous relaxation times are crucial
to predict beyond-Navier-Stokes behavior of fluids in the mesoscopic regime, and
such a behavior should be realized in the dilute cold atomic gases, for instance.
Indeed the importance of the second-order hydrodynamics has been recognized
and many attempts have been done to derive it [22, 23, 24, 25, 26, 27], and
among them the renormalization group (RG) method seems to be a promising
method to derive the second-order hydrodynamics as well as the transport co-
efficients including the viscous relaxation times. In fact, it has been applied to
derive the second-order hydrodynamic equations from the Boltzmann equation
for both relativistic and non-relativistic systems [28, 29, 30, 31], and desirable
properties have been already proved for the resultant equation such as causality,
stability, positivity of the entropy production rate, and the Onsager’s recipro-
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cal relation without imposing any assumption a priori [31, 32]. Moreover, it is
worth emphasizing that the microscopic expressions obtained for the transport
coefficients such as the shear viscosity, heat conductivity and so on coincide
with those derived in the celebrated Chapman-Enskog method, while the novel
microscopic expressions of the viscous relaxation times written in terms of the
relaxation functions allow physically natural interpretations as the relaxation
times.
The aim of this article is to give basic analyses of nonequilibrium proper-
ties of cold atomic gasses in a quantitative way based on the kinetic theory
[28, 29, 30, 31]; a focus is put on a quantitative and comprehensive analy-
sis of the viscous relaxation times based on the novel microscopic formulas of
them [28, 29, 30, 31]. Such an analysis is of fundamental importance in this
field because the quantitative extraction of the relaxation times is indispensable
to elucidate the dynamics of cold atomic gases in a precise way. In focusing
nonequilibrium properties, we shall not take care of the pairing correlations
including the superfluid transition nor medium effects, which are extensively
discussed in Refs. [9, 10, 11, 12, 13, 14, 33, 34, 35]. Instead, we perform a
quantitative test of the shear viscosity, heat conductivity, and viscous relax-
ation times of the stress tensor and heat flow using the microscopic expressions
obtained in RG method applied Boltzmann equation, and examine the temper-
ature and scattering-length dependence and quantum statistical effects: The
evaluation of these quantities are converted to solving the corresponding linear
integral equations, which we solve numerically without recourse to any approx-
imation. On the basis of the numerical results, we also examine how well the
relation τpi = η/P and its analog for the heat conductivity [17, 18, 19] are sat-
isfied, where τpi is the viscous relaxation time of the stress tensor, η is the shear
viscosity, and P is the pressure. These relations are obtained from the Boltz-
mann equation with use of the relaxation-time approximation (RTA), which has
been widely applied to a lot of studies of the kinetic theory. Quantitative reli-
ability of the RTA is unclear and has been hardly checked: We are only aware
of [36] in which the validity of the RTA is analytically examined up to some
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approximations. The present analyses confirm that the quantum statistical ef-
fect significantly contribute to the transport coefficients at low temperature and
near unitarity. Furthermore, we find that the relation τpi = η/P is well satisfied
quantitatively, while the analogous relation for the viscous relaxation time of
the heat conductivity τJ is not satisfied well.
2. Hydrodynamic equation derived by RG method
The RG method is a general framework to identify slow variables and extract
their dynamics from original theories [37, 38, 39, 40]. In the RG method, the
hydrodynamic equation is derived by faithfully solving the Boltzmann equation
given by
(
∂
∂t
+ v ·∇
)
fp(t,x) = C[f ]p(t,x), (1)
with v ≡ p/m and the collision integral given by
C[f ]p(t,x) =
1
2
∫
p1
∫
p2
∫
p3
W(p, p1|p2, p3)
×
(
f¯pf¯p1fp2fp3 − fpfp1 f¯p2 f¯p3
)
. (2)
Here, we have introduced the notations
∫
p ≡
∫
d3p/(2π)3 and f¯ ≡ 1 + af . a
represents quantum statistics, i.e., a = −1(+1) for fermion (boson) and a = 0
for the classical Boltzmann gas. W is a transition matrix given by
W = |M|2(2π)4δ(E + E1 − E2 − E3)
× δ3(p+ p1 − p2 − p3), (3)
with E = |p|2/(2m) and the scattering amplitude M. For later convenience,
we define the linearized collision operator,
Lpq ≡ (f
eq
p f¯
eq
p )
−1 δ
δfq
C[f ]p(t)
∣∣∣∣
f=feq
f eqq f¯
eq
q . (4)
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The resultant hydrodynamic equations take the familiar forms
Dn
Dt
= −n∇ · u, (5)
mn
Dui
Dt
= −∇iP +∇jπij , (6)
Tn
Ds
Dt
=∇ · J + σjkπjk, (7)
where n, u, m, P , and s are the particle number density, fluid velocity, mass
density, pressure, and entropy density, respectively. We have introduced the
Lagrange derivative defined by D/Dt ≡ ∂/∂t + u · ∇ and the shear tensor
defined by σij ≡ 12∇
iuj + 12∇
jui − 13δ
ij∇kuk. As worked out in Refs. [30]
and [41] with classical and quantum statistics, respectively, the relaxation of
the stress tensor πij and heat flow J i is described by the following relaxation
equation,
πij = 2ησij − τpi
D
Dt
πij − ℓpiJ∇
〈iJj〉
+ κ(1)pipiπ
ij
∇ · u+ κ(2)pipiπ
k〈iσj〉k − 2τpiπ
k〈iωj〉k
+ κ
(1)
piJJ
〈i∇j〉n+ κ
(2)
piJJ
〈i∇j〉P
+ bpipipiπ
k〈iπj〉k + bpiJJJ
〈iJj〉, (8)
J i = λ∇iT − τJ
D
Dt
J i − ℓJpi∇
jπij
+ κ
(1)
Jpiπ
ij∇jn+ κ
(2)
Jpiπ
ij∇jP
+ κ
(1)
JJJ
i
∇ · u+ κ
(2)
JJJ
jσij + τJJ
jωij
+ bJJpiJ
jπij . (9)
Here for an arbitrary tensor A, A〈ij〉 ≡ ∆ijklAij with the definition of a sym-
metric traceless tensor ∆ijkl ≡ 12δ
ikδjl + 12δ
ilδjk − 13δ
ijδkl. The microscopic
expressions of the shear viscosity and heat conductivity are given in terms of
the linearized collision operator L by
η ≡ −
1
10T
〈πˆij , L−1πˆij〉, λ ≡ −
1
3T 2
〈Jˆ i, L−1Jˆ i〉, (10)
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while the viscous relaxation times are given by
τpi ≡
1
10Tη
〈πˆij , L−2πˆij〉, τJ ≡
1
3T 2λ
〈Jˆ i, L−2Jˆ i〉. (11)
with the definition of the inner product given by
〈ψ, χ〉 ≡
∫
p
f eqp f¯
eq
p ψpχp. (12)
with the definition of the microscopic expressions of the stress tensor and heat
flow,
πˆijp ≡ δv
〈iδpj〉, Jˆ ip ≡
(
|δp|2
2m
− h
)
δvi, (13)
respectively. The relative momentum δp and relative velocity δv against the
fluid velocity u are defined by δp ≡ mδv ≡ m(v−u) and h is the enthalpy den-
sity. The meanings and explicit expressions of the other coefficients such as ℓpiJ ,
κ
(1)
pipi , and bpipipi are given in Ref. [41] with an external force taken into account
(see also [28, 29, 31, 32], for applications to relativistic systems). The hydrody-
namic equations (5)–(9), the transport coefficients and viscous relaxation times
(10) and (11) have been already derived in Ref. [30] for classical Boltzmann
gases. Defining “time-evolved” vectors {πˆijp (s), Jˆ
ij
p (s)} ≡ {[e
sLπˆij ]p, [e
sLJˆ ij ]p},
we may convert Eqs. (10) and (11) into the following forms
η ≡
1
10T
∫ ∞
0
ds〈πˆij(0), πˆij(s)〉, (14)
λ ≡
1
3T 2
∫ ∞
0
ds〈Jˆ i(0), Jˆ i(s)〉, (15)
τpi ≡
∫∞
0 ds s〈πˆ
ij(0), πˆij(s)〉∫∞
0
ds〈πˆij(0), πˆij(s)〉
, (16)
τJ ≡
∫∞
0
ds s〈Jˆ i(0), Jˆ i(s)〉∫∞
0 ds〈Jˆ
i(0), Jˆ i(s)〉
, (17)
which may give a clearer physical interpretation. Two remarks are in order
here: First, Eqs. (14) and (15) are consistent with the Green-Kubo formula
[42, 43, 44]. They actually take the same form as those of the Chapman-Enskog
method. Secondly, the forms of Eqs. (16) and (17) give the time constant of the
correlation function of the microscopic dissipative currents, which are physically
natural forms as viscous relaxation times.
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Figure 1: (Color online) Scattering length dependence of the shear viscosity (upper panel)
and heat conductivity (lower panel) at the Fermi temperature. The blue square and red circle
indicate the classical Boltzmann gas and Fermi gas, respectively.
3. Quantum statistical effects
Aiming at the application to the ultracold Fermi gases realized in the cold-
atom experiments, we examine the shear viscosity, heat conductivity, and the
viscous relaxation times of the stress tensor and heat flow derived above. We
consider the s-wave scattering in the collision integral (2). Then, the scattering
amplitude in Eq. (3) is given by
M =
4π
a−1s + iq
, (18)
where as is the s-wave scattering length and q = (p − p1)/2 is the incoming
relative momentum. In the present analyses based on Eq. (18), the transport
coefficients become even functions of as, though they may loose such a symmetry
if the medium effects are taken into account [6, 45]; the asymmetric behavior can
be caused by the existence of a bosonic regime of preformed pairs for positive as,
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Figure 2: (Color online) Scattering length dependence of the quantum statistical effects for
the shear viscosity (red square), heat conductivity (blue circle), the viscous relaxation times
of the stress tensor (green triangle), and that of the heat conductivity (purple rhombus) are
respectively shown at the Fermi temperature.
which is neglected in the present study and the incorporation of such an effect is
beyond the scope of this work. Thus the results shown below should be taken for
the quantities rather for negative as. We evaluate the expressions (10) and (11)
with Eq. (18) numerically in the following way: LetXp ≡
[
L−1πˆij ]p or
[
L−1Jˆ i
]
p
,
which satisfy the linear equation
[
LX
]
p
= (πˆij , Jˆ i)p where the explicit form of
L is known. Then we discretize the last equation in the momentum space
and convert it to a linear equation with a finite dimension, which is readily
solved numerically. Then varying the dimension of the matrix, we check the
convergence of the solution. The details of the numerical procedure will be
reported in Ref. [41] (see [46], for the relativistic case). The exact evaluation
of the transport coefficients makes it possible to examine the importance of the
quantum statistical effects and the reliability of the RTA quantitatively as we
discuss below.
First, we calculate the shear viscosity and heat conductivity with varying
the scattering length. The unitary limit is taken by as →∞, i.e., (pFas)
−1 = 0,
where pF is the Fermi momentum. For the classical Boltzmann gas, we set
a = 0 in Eq. (2) and the corresponding equilibrium distribution function reads
f eqp = e
−(|δp|2/2m−µ)/T . For the Fermi gas, we take into account the quan-
tum statistics by setting a = −1, and the equilibrium distribution function
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Figure 3: (Color online) Temperature dependence of the shear viscosity (upper panel) and
heat conductivity (lower panel) at unitarity. The blue square and red circle indicate the
transport coefficients of classical Boltzmann gas and the Fermi gas, respectively. The blue
squares in the upper panel are on a curve η/n = 2.77(T/TF )
3/2. The black dashed and dotted
lines show the superfluid-transition temperature Tc ≃ 0.167TF [47] and the pairing-formation
temperature T ∗ ≃ 0.22TF [48], respectively.
is f eqp = [e
(|δp|2/2m−µ)/T + 1]−1. The resultant data show that, as the scat-
tering length increases, the viscous effects decrease (Fig. 1), and the quantum
statistical effects increase (Fig. 2). The scattering-length dependence of the
quantum statistical effects indicates that the quantum nature becomes appar-
ent at unitarity, where the atomic gases are strongly correlated. Figure 3 shows
the temperature dependence of η/n and mλ/n. The quantum statistical effect
increases η/n and mλ/n. The difference between the classical gas and the Fermi
gas becomes larger as temperature decreases. In particular, at the temperature
T < TF , the differences become prominent and those of the Fermi gas diverge.
Two comments are in order here. (i) The quantum statistical effect is not negli-
gible even above T ∗, below which pairing effects dominate and our computation
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becomes invalid. (ii) The increases of the shear viscosity and heat conductivity
for the Fermi gas at small temperature are naturally understood in terms of
the Pauli blocking effect; a good Fermi sphere is formed at low temperature
and thus the elastic scattering rate other than the forward one is so greatly
suppressed due to the Pauli blocking that the energy and momentum transport
become quite efficient, which implies the increase of the shear viscosity and heat
conductivity.
The viscous relaxation times exhibit similar behaviors as the transport coef-
ficients. The quantum statistical effects increases at low temperature and near
unitarity (see Figs. 2 and 5).
It seems that a misunderstanding prevails in the literature on the basis of
the classical Boltzmann equation that the shear viscosity calculated in the naive
kinetic theory were to agree with the experimental results at low temperature
even close to T ∗. Our results, however, have shown that the quantum statistical
corrections are huge and the resultant shear viscosity shows a rapid increase with
lowering temperature which is obviously in contradiction to the experimental
results. Thus we conclude that the naive kinetic approach is not valid for the
description of the unitary Fermi gas at low temperature, where the system
becomes strongly correlated, even above the phase transition temperature.
4. Precision test of RTA
In the RTA, the collision integral in Eq. (2) is replaced by
C[f ]p = −
fp − f
eq
p
τ
, (19)
where τ is a free parameter which determines the time scale for a non-equilibrium
system to relax toward the equilibrium states. Under the approximation, the
shear viscosity and heat conductivity are calculated to be [17, 18, 19]
ηRTA = τP, λRTA =
τ
12mT
(
7Q−
75P 2
n
)
, (20)
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Figure 4: (Color online) Scattering length dependence of the viscous relaxation times of the
stress tensor (upper panel) and heat flow (lower panel) at the Fermi temperature. The blue
square and red circle indicate the viscous relaxation times of classical Boltzmann gas and the
Fermi gas which evaluated without the RTA, while the purple triangle and green rhombus
indicate those evaluated with the RTA given by Eqs. (22) and (23).
with the definition Q ≡
∫
p
δv2δp2f eqp . In addition, it should be noted that the
viscous relaxation times are given by τ ,
τRTApi = τ
RTA
J = τ. (21)
However, the viscous relaxation times of the stress tensor and heat conduc-
tivity given by Eq. (11) take the considerably different values (Fig. 4 and 5).
These results are interesting on its own, and also clearly contradict to Eq. (21)
and indicate that the RTA should be modified so as to incorporate the multiple
relaxation-time scales. To this end, we determine the viscous relaxation times
independently with the help of the relations Eq. (20) derived from the RTA and
exact value of the shear viscosity and heat conductivity as follows: We evaluate
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Figure 5: (Color online) Temperature dependence of the viscous relaxation times of the stress
tensor (upper panel) and heat flow (lower panel) at unitarity. The blue square and red
circle indicate the viscous relaxation times of classical Boltzmann gas and the Fermi gas
which evaluated without the RTA, while the purple triangle and green rhombus indicate those
evaluated with the RTA given by Eqs. (22) and (23). The black dashed and dotted lines show
Tc and T ∗, respectively.
the viscous relaxation time of the stress tensor by
τpi =
ηexact
P
≡ τ˜RTApi . (22)
While the viscous relaxation time of the heat conductivity is evaluated as
τJ =
12mTλexact
(7Q− 75P 2/n)
≡ τ˜RTAJ . (23)
We note that ηexact, λexact, τexactpi , and τ
exact
J denote the transport coefficients
and viscous relaxation times which are respectively calculated from Eqs. (10)
and (11) in the exact manner in the present work. In Figs. 4 and 5, we com-
pare the viscous relaxation times with and without the RTA and the numerical
results of Eqs. (22) and (23) actually behave similarly compared with the exact
12
Figure 6: (Color online) Temperature dependence of the error caused by the RTA are shown
for the shear viscosity (red square), heat conductivity (blue circle), the viscous relaxation
times of the stress tensor (green triangle), and that of the heat conductivity (purple rhombus)
are respectively shown at unitarity. The black dashed and dotted lines show Tc and T ∗,
respectively.
ones qualitatively. It is remarkable that ηexact/P well reproduces the viscous
relaxation time of the stress tensor τexactpi for both the classical gas and the
Fermi gas regardless of temperature and scattering length. On the other hand,
the RTA still has the quantitative error and always underestimates the vis-
cous relaxation time of the heat conductivity compared with those evaluated
exactly. It is noteworthy that the error of τJ caused by the RTA for the Fermi
gas decreases at low temperature in contrast to that for classical gas, which
is independent of temperature (Fig. 6). This behavior may be understood as
follows: The RTA is a kind of the linear approximation of the collision integral
with respect to the deviation of the distribution function from the equilibrium
one. The deviation is attributed to the excitations of quasi-particles due to the
nonequilibrium process and decreases in the cold fermionic gases since the Pauli-
blocking effect suppresses the excitation of the quasi-particles inside the Fermi
sphere. Therefore the linear approximation works well and the RTA reproduces
the exact value of the viscous relaxation time of the heat conductivity.
13
5. Conclusion
We have calculated in a full numerical way the shear viscosity, heat con-
ductivity and viscous relaxation times of the stress tensor and heat flow using
the microscopic expressions which are derived by the RG method. It is notable
that the shear viscosity and heat conductivity by the RG method have the same
expression as those by the Chapman-Enskog method, and the viscous relaxation
times take new but natural forms. Any approximation has not been used in the
numerical evaluation of these quantities in the present work, which has given
the exact values based on the Boltzmann equation. We have found that the
Fermi statistics makes significant contributions to the transport coefficients and
viscous relaxation times at low temperature or large scattering length. Further-
more, by using the numerical results we have for the first time examined the
reliability of the relations τpi = η/P and τJ = 12mTλ/(7Q − 75P
2/n), which
are derived with recourse to the RTA and used rather extensively. The resulting
data have shown that the ratio of the shear viscosity and pressure well agrees
with the viscous relaxation time. This agreement is consistent with Ref. [36]
and suggests the reliability of the RG method. Furthermore, the results encour-
age us to use the relation τpi = η/P , which greatly simplifies the evaluation of
the viscous relaxation time of the stress tensor. On the other hand, the latter
relation for the viscous relaxation time does not appear to be reliable. Thus, we
should use the value evaluated by Eq. (11) instead of Eq. (20) for the viscous
relaxation time of the heat conductivity. The detailed analyses of this work
will be reported in Ref. [41]. Investigation of the time-evolution of fluids with
these transport coefficients is needed to examine quantitative significance of the
difference of τJ evaluated with and without the RTA, and it is left as a future
project.
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